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Abstract 



We continue investigation of soft breaking of BRST symmetry in the Batalin-Vilkovisky 
(BV) formalism beyond regularizations like dimensional ones used in our previous paper 
[JHEP 1110 (2011) 043, arXiv:1108.4820 [hep-th]]. We generalize a definition of soft 
breaking of BRST symmetry valid for general gauge theories and arbitrary gauge fixing. 
The gauge dependence of generating functionals of Green's functions is investigated. It is 
proved that such introduction of a soft breaking of BRST symmetry into gauge theories 
leads to inconsistency of the conventional BV formalism. 
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1 Introduction 



A soft breaking of BRST symmetry in Yang-Mills theories has been intensively studied in 
a series of recent papers [1]. This breakdown is connected with a restriction of the domain 
of integration in the functional integral due to the Gribov horizon [2, 3, 4]. Note that all 
investigations [1, 3, 4] of the Gribov horizon in Yang-Mills theories have been performed in the 
Landau gauge only. Some months ago a generalization of notation of a soft breaking of BRST 
symmetry for general gauge theories in arbitrary gauges in the framework of BV formalism [5] 
has been proposed in [6]. This approach to the problem of a soft breaking of BRST symmetry 
includes Yang-Mills theories in the Landau gauge as a very special case. In particular, it was 
shown that the way when one takes into account the Gribov horizon in the form of an additional 
term to the full action of given gauge system coinciding with Gribov- Zwanziger action [2, 3, 4] 
in case of Yang-Mills theories in the Landau gauge leads to gauge dependent S-matrix. 

In the present paper we extend the investigation performed in [6] to case when one uses any 
regular izat ion scheme respecting gauge invariance. 

The paper is organized as follows. In Section 2, our definition of the soft breaking of BRST 
symmetry is given in the BV formalism. In Section 3 we study different ways to introduce 
BRST-like transformations and derive the Ward identities for the generating functionals of 
Green's functions. In Section 4 we investigate the dependence of these functionals on gauges. 
Concluding remarks are given in Section 5. 

We use the condensed notation of DeWitt [7]. Derivatives with respect to sources and 
antifields are taken from the left, while those with respect to fields are taken from the right. 
Left (right) derivatives with respect to fields (antifields) are labelled by a subscript / (r). The 
Grassmann parity of any quantity A in case of its homogeneity is denoted as e(A). 

2 Soft breaking of BRST symmetry in the BV formalism 

Consider a theory of gauge fields A 1 , i = 1,2, ...,n, {e(A l ) = £j), with an initial action 
Sq = So(A). It is assumed the invariance of this action under the gauge transformations 
5 A 1 = R l a (A)£ a with £ a (e(£ a ) = e a ) to be arbitrary functions of the space-time coordinates 
that means the presence of the identities 

So ti (A)IV a (A) = for a = 1,2, . . . ,m , < m < n . (2.1) 

among the classical extremals <S ,j = 0. Here, the functions R l a {A) (s(R t a ) = Si+e a ) are the 
generators of the gauge transformations and we have used the notation S 0ji = 5Sq/5A 1 . The 
structure of configuration space {<£> A } in the BV formalism depends on the type of given classical 
gauge theory (for details, see [5]). For our purposes it is not important to describe its explicit 
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contents. We need in the fact of existence of the total configuration space parameterized by 
the fields $ = {& A } = {A\ . . .} with e(& A ) = e A , where the dots indicate the full set of 
additional to A 1 fields in the BV method. Then to each field $ of the configuration space, 
one should introduce the corresponding antifield <&* A with opposite Grassmann parities to that 
of the corresponding field $ A , $* = {&* A } = {A*, . . .}, with e($* A ) — e A +l- 

The main object of the BV quantization is a bosonic functional S = S($, <£>*) satisfying the 
master equation 

l(S,S) = ihAS (2.2) 

with the boundary condition 

£'|$*=/}=o = <So(A) • (2-3) 
Here we used the notation of odd (i.e. e(A) = 1) nilpotent operator A 

and the antibracket, (F,G), which can be reproduced by A acting on the product of two 
functionals F and G: 

A F ■ G = (AF) -G + F- (AG)(-l) e(F) + (F, G) £(F) . (2.5) 

It is obvious that the initial action So satisfies the classical master equation, («So,«So) = 0. 

Having the action S and a corresponding fermionic gauge fixing functional ^ = x I / ($), one 
can construct the non-degenerate action S ext by the rule 

S^i*,**) = $* + §) • (2.6) 

The action S ext satisfies the same master equation (2.2) as the functional S, 

^(S ex t,S ex t) = ihAS ex t (2-7) 

and is used to construct the generating functional of Green's functions in the B V formalism [5] . 

Following to Refs. [3, 4, 6], we deform the action S ext by adding a functional M = M(<3>, $*), 
thus determining the full action S as 

S = S ext + M . (2.8) 
We shall speak of a soft breaking of BRST symmetry in the BV formalism if the condition 

§(M,M) = -\hAM (2.9) 
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is fulfilled. Note, that in classical limit, h — >■ 0, we assume that M = M + 0(h), Eq. (2.9) is 
reduced to 



(M ,M )=0. (2.10) 

The reason to use the notation of "a soft breaking of BRST symmetry" may be explained as 
follows. The master equation (2.7) in the BV formalism can be presented in the form 



Aexpj^Serf} = 0. (2.11) 



Using the action S ext as a solution to this equation in order to construct Green's functions 
for general gauge theories one can derive the BRST symmetry transformations [5]. Modifying 
the action S ext by a special functional M (it allows us to speak of "soft") which satisfies the 
equation 

Aexp|-^M}=0, (2.12) 
we obtain the action S (2.8) not satisfying the equation likes (2.11) 

Aexp|^}^0. (2.13) 

The BRST symmetry will be broken if we shall construct Green's functions in the BV formalism 
using this action (see Section 3 for details). From (2.7) and (2.9) it follows that the basic 
equation of our approach to the soft breaking of BRST symmetry reads 

l(S,S)-ihAS = (S,M) . (2.14) 

In classical limit, for S = S + 0(h), it follows from (2.14) the equation, 

l(S ,S ) = (So, M ), (2.15) 

coinciding in classical limit, h — > 0, with the basic equation to the soft breaking of BRST sym- 
metry considered in Ref . [6] when a regularization likes dimensional one for the local functional 
S is applied, AS ~ 5(0) = 0. 

It is important to note that the condition (2.9) will be automatically valid in case when the 
soft breaking of BRST symmetry originates from a modification of the integration measure in 
the path integral. In this case M will be a functional of the field variables $ only, i.e. M = 
M($). As we have already mentioned in Ref. [6], this is exactly the situation for Yang-Mills 
theory in the Landau gauge, when one takes into account the Gribov horizon [3, 4]. We consider 
the more general situation of M — M(<3>, $*) not restricting ourselves to this special case. 

Note that the right-hand side of the basic equation (2.14) can be presented in the form 

(S,M) = sM-ihAM , (2.16) 
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where s denotes the quantum Slavnov- Taylor operator defined as ^-deformation of its classical 
analog in the form 

s = (S ext ,*)-iHA. (2.17) 

Due to master equation for S ext (2.7) this operator is nilpotent, 

s 2 = . (2.18) 

However, as compared to the consideration in [6], the presence of the additional term to s in 
the right-hand side of the relation (2.16) leads to the inequality 

s{§(S,S) -iHAs} ^ . (2.19) 

which being written for the action S ext should be the identity for general gauge theories without 
a (soft) breaking of BRST symmetry. 

3 BRST transformations and Ward identities 

Let us consider some quantum consequences of the classical equations (2.7), (2.9) and (2.14). 
To this end we introduce the generating functional of Green's functions, 

Z(J,$*) = Jd§ exp{^(S($,$*) + J A $ A )} , (3.1) 

where S(<&, $*) satisfies the basic classical equation (2.14) and has the form (2.8). Furthermore, 
J a are the usual external sources for the fields $ j4 . The Grassmann parities of these sources 
are defined in a natural way, e(Ja) = sa- 

Let us consider the vacuum functional Z(0, $*) = Z(<3>*) and its integrand 

M = M($, $*) = D<$> exp {^S($, $*)}. (3.2) 

In the BV formalism the BRST symmetry appears as invariance of the integrand of vacuum 
functional under the change of variables, $ A — > $ M = $ A + 5b $ a determined with the help of 

where 9 is a nilpotent constant odd parameter. Carrying out the change of variables (3.3) in 
(3.2) we obtain 

M' = M(l-l;9^ 5 4^). (3.4) 
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Non-invariance of the integrand means violation of the standard BRST symmetry. Of course, 
one may think that it is necessary to modify the definition of BRST transformations in case of 
the theory under consideration. A possible way for its modification looks as 

5b ^ a = M?' 6b ^ = °' (3 - 5) 

Performing the change of variables (3.5) in the integrand functional M. (3.2) one has 

M' =m(i-^9 (S,M)y (3.6) 

We meet again the non-invariance under modified BRST transformations (3.5). Moreover one 
can consider the following one-parameter functional S K 

S K = S ext + kM (3.7) 

to define the BRST trasformations 

Sb^ = 1^0, Sb k & a = 0. (3.8) 

Here k is a real number. We have the standard BRST transformations (3.3) for k — and the 
modified ones (3.5) for k — 1. Carrying out the change of variables (3.8) in the integrand (3.2) 
we arrive at the result 

M' = M(l-^6 [K(S ext ,M) -2ihKAM + (l-K)^ 5 -^]). (3.9) 

We may conclude that the non-invariance of the integrand exists for any choice of the para- 
meter K. 

Turning to the properties of the generating functional Z(J, $*) note, that from the Eq. 
(2.11) it follows that its averaging over the total configuration space of the fields § A with 
measure exp { ^ (5* + Ja® A ) } 

= Jd$ Aexpji^} exp {^(5 + J A ® A )) 

leads after integrating by parts in the functional integral to the following identity for the 
generating functional Z, 

(J A + M A (*±V)) - M a *[jjj, $*)^ Z(J, $*) = 0. (3.10) 



Here the notations 



<5M($,$* 



5M($,$* 



> ~ 6$ A 



i 5 J 
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have been used. In case of M — 0, the identity (3.10) is reduced to the usual Ward identity for 
the generating functional of Green's functions in the BV formalism. Hence, we refer to (3.10) 
as the Ward identity for Z in a gauge theory with softly broken BRST symmetry. Note, that 
for the regularization scheme likes dimensional one, we will have AM = and, therefore the 
equation (2.9) is reduced to (M, M) = 0, which leads to the vanishing of the combination, 
M A (f^,$*)M A *(f^,$*) in the Ward identity (3.10) as it was derived in [6]. 

Then, introducing the generating functional of connected Green's functions, 

W(J,<Z>*) = -iMnZ(J,$*), (3.11) 
the identity (3.10) can be rewritten for W as 

(J A + A/ 4 (f£ + ?X <!,.)) (^§p - A/-(f£ + f £,♦•)) = 0. (3.12) 

The generating functional of the vertex functions (or effective action) is obtained by Leg- 
endre transforming of W, 

T($, $*) = W{J, $*) - J A $ A , where $ A = ^ = -J A . (3.13) 

oJa o<P a 

Taking into account the equality, jjp- = Jp- , we can rewrite the identity (3.12) in terms of T 



as 



|(r, r) = ^M A * + M A ^ - M A M A * . (3.14) 



Here, we have used the notations 



M A = 



5M(<&,$*) _ A ~ M _ 5M($,$*) 



and M = 



5§a 

where the sign <£> A means the field <3> A enlarged by the derivatives ^J^-, 



(3.15) 



6 A = <s> A + ih(r"-y*^ (3.16) 

and the matrix (r"^ 1 ) is inverse to the matrix r" with elements 

= (r"-r c (r") CB = t\ . (3.17) 



8<& A \S$ B 

We see again, in the case M = the identity (3.14) coincides with the Ward identity for the 
effective action in the BV formalism. Emphasize that the identity (3.14) is compatible with the 
classical equation (2.14), since h — > yields T = S , M = M , and (3.14) is reduced to (2.15). 

In similar manner we can derive the Ward identity which follows from (2.9). To this end, we 
average the equation (2.9) over the configuration space of the fields $ A with measure exp { | (S+ 
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and derive after usual manipulations with functional integral the identity in terms of mean 
fields $ A (3.13) 



M A M A * = -ihM A A (3.18) 

where the notation 



5 2 M 



5® A 5<Z> A 



(3.19) 



was used. The identity (3.18) is reduced to the known identity, M A M A * = 0, derived in [6], 
when the regularization scheme likes dimensional one is applied. 



4 Gauge dependence 



Here we study the gauge dependence of the generating functionals Z, W and T for general 
gauge theories with a soft breaking of BRST symmetry as it was defined in the section above. 
The derivation of this dependence is based on the fact that any variation of the gauge-fixing 
functional, \&($) — > \I/($) + <5\I/($), leads to a variation both the action S ext (2.6), the functional 
Z [8] and the functional M. The variation of S ext can be presented in the form 

55^ 5S ext 



SS ext — 



8<$> A 5<$>* A 



or as 



5S, 



ext 



-§5^ , 



(4.1) 



whereas the variation of M for the variation 5^ we denote as <5M($, <£>*). From (3.1), (4.1) and 
the variation of M we obtain the gauge variation of Z, 

/55^ 5S ext 



6Z(J, $*) 



+ exp|^( 1 S($,$*) + J A $ A )} . (4.2) 



Then applying the equality 

Si 







= / £>$ 



5$ A 



^ ^ exp 



m -,{i(5(*,*-) + J^)}] 



66V 5S ext 
5$ A 5<5> A 



5<5> A J 5<5>* A 



for which validity the equation (2.7) was used, we can rewrite (4.2) as 
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+5M(f^,$*)]z(J,$*) 



5$* 



(4.3) 



In turn, the corresponding variation of the generating functional of connected Green's func- 
tions, SW(J, $*) = \Z~HZ, takes the form 

W{J,V) = {j A + M A [^ + \i 3 , **))^*(^ + f£) + 5M (^ + f £,<£>*), (4.4) 
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with using the Ward identity (3.12). 

Now, we are able to arrive at our final purpose concerning the derivation of the gauge 
variation of the effective action. First, we note that 5T = SW. Second, we observe that the 
change of the variables (Ja,®*a) — > (& A , ®*a) from the Legendre transformation (3.13) implies 
that 



5$* 



5$* 



5$ 5i 



(4.5) 



Next, differentiating the Ward identities for Z (3.10) with respect to the sources J B , we 
obtain 



h SZ h 



5 2 Z 



-(-iy*J A M A *(^,<S>*)j?- - (_i)«*M4?£,*')M^(?£,S*)|^ = 0. (4.6) 

Using the interrelation of the derivatives for Z and W, 

'5W SW 



62 62 \ 1 /inn 

5 2 Z 



5Ja5$* a 



6$* R 6J A 



exp{i^} 



i \ 2 SW SW i S 2 W 



+ ii- 



ti J S$*SJ A hS$*SJ A 



(4.7) 
(4.8) 



the Eqs. (4.6) may be written in terms of functional W as, 
From (4.9) it follows 



SW 



(4.9) 



sr 



M' 



5T 



\S§ A 



\ S$ B i / 



/ sr 



S<S> A 



M A 



sr 

s¥ A 



)$ B (4.10) 



To simplify the above expression one should commute the fields $ B to the left in the last 
summand in order to use Ward identity for effective action T (3.14) As a result, we rewrite the 
relation (4.10) in the form 



sr 



G<i> 1 



M. 



<5r 



M B *)(-1] 



(4.11) 



where the square brackets [ , ] denote the supercommutator. 
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From (4.4), (4.5) and (4.11) the variation of the effective action can be presented in the 
form, 

5T = -(I\<**» + (m a ^+ (-l)^M^^) 

W + (SM) , (4.12) 

with local (for M — 0) operator acting on the functional (5^f>). Here we imply the notations 

(6V) = 5^(6) -1 and (SM) = £M(6,$*)-1. (4.13) 
Then, using the identities, 

»! = (_!)..(««) « ^ = « ^ _ (4 . 14) 

following from the Legendre transformation (3.13) we can present the variation of the effective 
action in the equivalent, so-called non-local (due to explicit presence of the quantities {T"~ l ) BC ) 
form, 

5T = —F A (SV) - M A F A (6V) + (SM) , (4.15) 
where the operator F A is derived from the Eqs. (4.5), (4.11), (4.12) as follows 

From the variation (4.15) it follows that on shell the effective action is generally gauge 
dependent because of 

^4=° ( 4 - 17 ) 
This fact does not permit to formulate consistently a soft breaking of BRST symmetry within 
the field-antifield formalism, if only two last terms in (4.15) cancel each other, 

(SM) = M A F A (S^) . (4.18) 

However, this is rather a strong restriction on the BRST-breaking functional M for the effective 
action to be gauge independent on-shell. The same statement is valid for the physical S-matrix. 
Really, Eq. (4.18) fixes the gauge variation of M — M(<3>, $*) under a change of the gauge-fixing 
functional ^ to be 

6M = ^- A F A 5* where F A = (-iy^ +1 \S"' 1 ) BC ( A ■ (4-19) 

It was shown in [6] that already in the case of Yang-Mills theories in linear gauge which 
includes the Landau gauge the relation (4.19) does not satisfy. We are forced to claim that a 
consistent quantization of general gauge theories when restriction on the domain of integration 
in functional integral is taken as an addition to the full action of a given gauge system violating 
the BRST symmetry does not exist. 
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5 Conclusions 



In the given paper we have suggested a definition of soft breaking of BRST symmetry in the 
BV formalism using any regularization scheme respecting gauge invariance. To this purpose, 
we added a 'breaking functional' M to the gauge-fixed action S ext which, in turn, is constructed 
from an arbitrary classical gauge-invariant action <S according to the rules of the BV method. 
The soft breaking of BRST symmetry was determined by the analog of the quantum master 
equation, (M, M) = —2ihAM. It was proved the non-invariance of the integrand of vacuum 
functional under the BRST transformations determined by means of the functional, (S ext +KM), 
for any value of the real parameter k. We have obtained all Ward identities for the generating 
functional of Green's functions Z, of connected Green's functions W and of vertex functions V 
being different from ones in Ref. [6] due to non- vanishing, in general, of the operator A action on 
the functionals S ext and M. The Ward identities were used to investigate the gauge dependence 
of those functionals. It was argued that T as well as the S-matrix are on-shell gauge dependent. 
We were forced to claim that a consistent quantization of gauge systems in the BV formalism 
with the soft breaking of BRST symmetry does not exist. 
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